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Time-Dependent Correlations in an
Inhomogeneous One-Component Plasma
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Sum rules describing perfect screening at equilibrium in a classical plasma are
extended to the time-displaced structure function of an inhomogeneous one-
component plasma. We find that there are long-wavelength modes which
oscillate undamped with a single frequency @, @2 being an angular average of
the squared plasma frequency at infinity. Qur results are derived heuristically,
allowing also for quantum effects, from linear response theory, and rigorously
from the classical BBGKY hierarchy under some reasonable assumptions on the
spatial decay of correlations. Special cases are investigated, in particular
plasmas bounded by walls of varied shapes.
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1. INTRODUCTION

Let N(q) be the microscopic charge density at a point g of a Coulomb fluid
(plasma, electrolyte,...), in equilibrium at the inverse temperature . The
static charge structure function is defined as

S(a1192) = (N(q1) N(g2)) v = (N(q1) N(q2)> — {N(g,) )<N(g2)>  (L.1)

where { ) denotes an average over an equilibrium ensemble. In the
homogeneous case, {N(g)) = 0. The function S is known to obey a variety
of sum rules, e.g., the Stillinger-Lovett rules!”

[ dg 5(q10)=0 (1.2)
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and

2
28 [ dglqf* stq10)= -1 (13)

In terms of the Fourier transform
3(k)= | dg exp(—ik-q) S(q | 0) (14)

(1.2) and (1.3) are equivalent to

4npS(k

LE)—»L as k-0 (1.5)
|k|

These sum rules have been generalized to the case of an inhomogeneous

Coulomb system by Carnie and Chan.*® They take the form

1
Bl da|dayi—Staria)=1 (1.6)

The sum rules express the macroscopic property of screening which is
possessed by Coulomb fluids. They can be derived by using linear response
theory and assuming that an external charge introduced in the fluid
induces a polarization charge which cancels the external one. More
rigorous derivations using the BGY hierarchy can be given under suitable
clustering assumptions.

In the present paper, we derive a dynamical and quantum mechanical
generalization of (1.6) (and some other sum rules), for inhomogeneous one-
component plasmas (OCP). The restriction to OCP’s (ie., to systems of
identical particles of charge e and mass m in a fixed background of
opposite charge) has to be made because we use a unique property of these
systems: the long-wavelength plasma oscillations are not damped. From a
microscopic point of view, this is related to the validity of a dipole sum rule
[see (3.30)]. We can however deal with a large class of inhomogeneous
OCP’s: we allow the background density p,(q), a function of the position
¢, to have a value at infinity which may depend upon the direction Q in
which ¢ recedes to infinity. More precisely, lim, _,  p,(r, 2)=p . (2) exists
(for almost every 2), with g = (r, 2), r=|q|, 2 = angles of ¢. This allows in
particular for OCP’s bounded by walls of varied shapes.

Defining the usual dynamical structure factor S(g,,!]|q) as the
correlation function between the charge density at time 7 and point ¢, and
the charge density at time 0 and point ¢, we find the proper dynamical and
quantum-mechanical generalization of (1.6). It is Eq. (2.15), which reduces
to (2.16) in the classical limit, and to (2.17) in the quantum mechanical
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static limit; the @ appearing in these equations is defined by (2.12) as an
angular average of the plasma frequency (squared) w2(€2) at infinity.

Note that a system of real atoms and molecules in which the nuclei are
treated as fixed is included in our scheme, provided that they are confined
to a bounded region of space. This region is then imagined surrounded by
a more smeared out background p,(r, Q) which has the limit p () as
r— 0.

In Section 2, we derive our generalization of the Carnie and Chan sum
rule by using a linear response argument. We discuss in some detail a num-
ber of special cases. Through another linear response argument, we also
obtain another family of sum rules involving the dipole moment of the
charge structure factor. We also consider the effect of images forces created
by a dielectric wall. The key ingredient is the assumption that macroscopic
physics has to be valid on large length scales.

Section 3 reinvestigates the above-mentioned generalized sum rules, in
the classical case, from a microscopic point of view, based upon the
BBGKY hierarchy and reasonable spatial clustering assumptions. A
preliminary account of this part has already been published.*

2. LINEAR RESPONSE APPROACH

2.1. Generalized Carnie and Chan Sum Rule

Let a system in equilibrium with a hamiltonian H, be subjected to a
perturbation 4 cos wf, where A is some observable. The linear response of
some other observable B, i.e., the change of the average value of B, com-
puted to first order in A, is of the form®® Re[y . (w)exp(—iwt)], which
defines the response function y,,(w). We also consider, in the unperturbed
system, the time dependent correlation function,

Cp(t)=<A(1) BO)), (21)

where A(¢) and B(?) are the Heisenberg operators associated to 4 and B,
and { >;is a (truncated) canonical average for the nonperturbed system,
and we define its Fourier transform

& o) =2—17; f dt explioot) C ,5(1) (2.2)

The response function and the correlation function are thus related by the
fluctuation-dissipation theorem:

6A8(w) = Im (o) (2.3)

"1 —exp(~ pho)
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where we have assumed that 4 and B both have the same parity with
respect to time reversal.

For our purposes here we choose H, to be the Hamiltonian of a
OCP® and the perturbation as caused by an external oscillating charge
eo cos wt located at the origin. Thus

1
A=eo [ dgy 7 Nig) (24)
where N(g,) is the Schrodinger operator for the charge density at point g,.
Letting

B=B(g)=N(g) (25)
we obtain from (2.2)
~ eg [® . 1
Canpl@) =50 diexption [dgi =S, 119 (26)
. 1

where S is the time-dependent charge—charge correlation function
S(q1,t19)=<N(q:, 1) N(g,0)>r (2.7)

and N(q,,t) is the Heisenberg operator which corresponds to N(gq,)=
N(gs,0)

C 4pp(@) in (2.6) is related through (2.3) to x z,4(w), the charge den-
sity at g. Now, the key point is that the integral

0= | dg ip4(®) (28)

can be obtained by a macroscopic argument which goes as follows:
Re[Q exp(—iwt)] is the total net charge induced in the plasma by the
external charge. In the static case (w = 0), one would have perfect screening
and Q + e, would vanish. In the dynamical case (w#0), Q +e, does not
vanish because the plasma does not adjust itself instantaneously to the
external charge. It is however still possible to compute Q, if we assume that
the induced charge density decays fast enough at a large distance R from
the origin for the electrical field to be asymptotically of the form
Re[ E exp(—iwt)] with

¢t Q (2.9)

E~ R2u
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(u is the radial unit vector). When (2.9) holds and the background density
05(q) has a well-defined limit p () as ¢ goes to infinity in the direction £,
E will induce a radial current density Re[ jexp(—iwt)] with

2
—iwj~%m)E (2.10)

Charge conservation then requires that
inszfj-udQ (2.11)

Combining these equations, and introducing the averaged plasma fre-
quency @ defined by

2
_, €

@ =—jpw(9)d9 (2.12)
m

we obtain

Q=—5—=¢ (2.13)

In Eq. (2.13) w is to be understood as having an infinitesimal positive
imaginary part which ensures that the perturbation is introduced
adiabatically.®’ We find then from (2.8) and (2.13),

eiolmjdqu(q,A(w)z—@[a(w @) —8(w+@)] (2.14)

Using (2.6) and (2.14) in (2.3), and taking the Fourier transform with
respect to w, we obtain the final result

qujdqll_‘;l_ls(ql’ l Q)=h—@[ exp(— i) exp(ior)

2 —exp(— ﬁhw) 1 —exp(phn)
This is the generalization of the Carnic and Chan sum rule to the

dynamical quantum mechanical case, for OCP’s. In the classical limit
(fi—0), one finds

ﬁququl

] (2.15)

1
|q—|S(q1,t| q) = cos ot (2.16)
1

In the static quantum mechanical limit (¢ =0), one finds

1 1710
ququl——S(ql,Olq)———c thﬁ

N 5 (2.17)
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An alternative, equivalent, derivation of (2.13) can be obtained by
starting with the expression®

|S
o N

e(w)=1— (2.18)

g

for the dielectric function &(w) of a homogeneous one-component plasma
with density p,, where w, is the plasma frequency:
4re?
=P (2.19)
m
In the present inhomogeneous case, where p, is a function of the position
g, which has however a limit at infinity in each direction 2, (2.18) and
(2.19) still define a dielectric function at infinity ¢ (w, Q). Hence, if an
external charge e, cos wt is located at the origin, then, by Gauss’s theorem,
if we integrate E on a large sphere of radius R centered at the origin, we
obtain

R2
e0=ﬁjgw(w, Q)E - udQ (2.20)

where E must be of the form (2.9). This gives at once (2.13).

2.2. Special Cases

The general sum rule (2.15) can be applied to many special cases.

Uniform OCP. For a uniform plasma (constant background den-
sity p,), @ is the plasma frequency and (2.15), (2.17) reduce to a well-
known long-wavelength sum rule'®®: the left-hand side of (2.15) becomes
lim,_, o(4n/1k|?) S(k, t), where

S(k, l)=qu explik-(¢—q1)]18(q1, 11 9) (2.21)

is the dynamical structure factor.

Semi-Infinite OCP. In the case of a semi-infinite plasma bounded
by an impermeable plane wall,

0, x<0

, o (2.22)
b

pb(q)={
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{the coordinate vector ¢ of a point is now split into the component x nor-
mal to the wall and the component y parallel to the wall), the frequency

2\ 1/2
@:(@i) = (2.23)

s
m

is the surface plasma frequency.®’ In terms of the two-dimensional partial
Fourier transforms

1 2n

(;7;;;5v5={k|exp(—wkllxn (2.24)

Jr dy exp(—ik- y)
and
S(xr, kot x)= [ dyexplik- (7= y)1SCes, yis t1%9) (225)

the left-hand side of (2.15) becomes

oo e _
myijtthMﬁM—WxJﬂnkJM)
i -0 [k| Jo 0

Thus we recover a known sum-rule,'®’ equivalent to Eq. (3.11) of Ref. 10.
Through substraction of a bulk contribution, this sum rule gives infor-
mation about the asymptotic form of S(x,, y,, t|x, y) as |y, — y| — co:
for fixed x, and x, S decays like |y, — y| 3. It is expected to decay much
faster along any other Q.

Two-Density OCP. For a two-density plasma,

P4 x>0

. e (2.26)

pb(q)={

(the plane x =0 may be permeable or impermeable to the particles), the
frequency @ is

2 2 1/2
ca=[ = (,,++p_)J (227)

the left-hand side of (2.15) becomes

. 2 o ool -
lim if dxj dx, exp(— k| |x,]) S(x,, k, t | x)

k—»O[kI —w -
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and we recover the sum rule (5.2) of Ref. 10. Again, through a substraction
of bulk contributions this sum rule gives information about the asymptotic
form of S(xy, yy, t1x, y) as [y, — y| = 0.

Wedge. Let us now consider a plasma bounded by a wedge: the
plasma is confined between two intersecting half-planes; the background
density has a constant value p, inside the wedge, 0 elsewhere. The z axis is
the edge of the wedge, and the set of coordinates ¢ can be chosen as cylin-
drical coordinates (z, r, ). The frequency @ is

(2“" ez>m (2.28)

m

where o is the angle between the two half-planes; this is an edge
plasmon? frequency. In terms of one-dimensional partial Fourier trans-
forms

Jw dz explikz) = 2K,([k| ) (2.29)

® (22 +rH)?
and

301,61, k.t 11,0)= | dzexplik(z=2)] S(z1, 1, 0,11 7,7,0)  (230)

the left-hand side of (2.15) becomes

lim 2J d@j drrj delj dr, r Kokl r) S0y, 01, K, | 17, 0)
k—0 ) 0

Substracting from (2.15) surface and bulk contributions, as described in
Appendix A, we can show that, as |z—z,| - oo, S(z;,7,,0,, 1|2z, 0) has
the asymptotic form f(r,, 0,,¢|r, 0)/[|z—z;| (In|z—z,|)*] obeying the
sum rule

j j drrjo a0, j:’ dror f(ry, 0y, t]r,0)

_ ho exp( —imt) exp(icot) ]
8 [1 —exp(— Bho) 1 —exp(Bh)
hws exp(—iw,1) explim,t) ]
8 l:l —exp(— phw,) 1= exp(fhw,)
— T exp(—iw,t) expliw,t)

+Hign 10 [l‘exp(-—ﬁhwp)_l—exp(ﬁhwp):‘ (231)
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Cone. Obviously, (2.15) can be applied to a plasma confined in a
cone, the apex of which is at the origin. The frequency is

2N\ /2
&= (“Q&e-) (2.32)

m

where @ is the solid angle of the cone.

Slab. For a plasma confined in a slab of thickness a, the averaged
frequency & defined by (2.12) vanishes. If we again split ¢ into x normal to
the slab walls and y parallel to them, in terms of the two-dimensional
Fourier transform (2.25), Eq. (2.15) becomes

21 e a ~
im =~ d Ix)=1 33
p lim o L dxjo e, S(x,, k] x) (2.33)

Equivalently, since the Fourier transform of |k| is —1/(2n |y|?), we get the
coordinate space asymptotic sum rule

: . (234)

B x| dx SCeeyi (1% 9 a4ty =P

It is remarkable that these sum rules have exactly the same form in the
general dynamical and quantum mechanical case as in the static classical
case: ¢t and # do not appear in the right-hand side. This is so because a slab
is essentially equivalent to a two-dimensional electron system, the collective
oscillations of which have a frequency w which behaves like |k| 2 for small
wave numbers.*'?) Therefore, in the small-k limit, these oscillations dis-
appear.

In the case of a classical system, a more complete description of S in
the small-k limit has been given by Baus,?" for a two-dimensional system
of electrons. We believe that his results also hold for a slab of finite
thickness, after S(x,, k, ¢ | x) has been integrated upon x, and x. The
results of Baus go beyond (2.33) and give information about terms of
higher order in k.

Cylinder. Similar considerations apply for a plasma confined in a
cylinder with a cross section S of arbitrary shape but finite area. Again, @
vanishes. We now split the set of coordinates ¢ into z parallel to the cylin-
der direction and r parallel to its cross section (in the present paragraph, r
is a two-dimensional vector). In terms of the one-dimensional Fourier
transform

S(ry, k, t| r):f dz explik(z~z,)] S(ry,z,,t |1, 2) (2.35)
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(2.15) becomes
—p lim 21n |k J drf dr, S(rl,k,tlr)zl (2.36)
k-0 s s

Equivalently, since the Fourier transform of 1/ln|k| behaves
asymptotically*® like 1/[2 |z| (In |z])*], we get the coordinate space sum
rule that

ﬂ'[ drj drIS(r1a217t|r7Z)
S A

has in its asymptotic form, as |z; —z| — oo, a term

1
C41z,—z[ (In |z, —z|)?

(plus perhaps oscillating terms coming from possible singularities for finite
real values of k).

Again these sum rules are the same as in the static classical case
owing to the fact that the frequency w of the collective oscillations goes to
zero with k (like |k| [In |k]|*/?).

(13)

2.3. Dipole Sum Rules

The sum rule (2.15) was obtained by analyzing the linear response to
the radial electrical field of an external point charge. We now turn to
another family of sum rules which can be obtained by analyzing the linear
response to a homogeneous external electrical field; these sum rules involve
the dipole moment of the pair correlation function.

For a uniform plasma, we would get once more the Stillinger—Lovett
sum rule. Thus, we turn to other geometries.

Semi-Infinite OCP. We want to consider again the semi-infinite
plasma with the background density (2.22). This semi-infinite geometry can
be obtained as the limit of a slab geometry, in which the plasma is confined
between two parallel walls at x=0 and x=L; the limit L - oo will be
ultimately taken. We choose the perturbation as caused by charging the
walls at x=0 and L with oscillating uniform surface charge densities
+o cos wit. Thus

L
A= —4ny j dy, L dx, x, N(xy, ;) (2.37)
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We look at the response of the charge density at (x, y=0)
B=B(x)=N(x,0) (2.38)
Now

L2 - 1 roo i L2
L dx C 4p)0) = —4na%Lm dt exp(iwt) L dedyl
L
x | dx, x, Sy, vy, 11%) (239)
0
is related through (2.3) to
L/2
o= " dx taale) (240)

The quantity Re[ o exp(—iwt)] is the surface charge density induced in the
plasma along the wall at x=0 {as L becomes large, we actuaily expect this
charge to be localized near the plane x =0, ie., xp 4(w) will have a fast
decay as x increases; thus the precise value of the upper integration limit in
(2.39) is irrelevant. An opposite charge will be localized near the plane
x = L). Therefore, o can be obtained from a macroscopic argument, either
by the same kind of reasoning as the one leading from (2.8) to (2.13), or,
more rapidly, by using the dielectric function (2.18) and equating two alter-
native expressions for the electrical field in the bulk, after the limit L — o0
has been taken:

Re[4n(a + o) exp(—iwt)]u,=Re [fﬂ

e(w)

(where u, is the unit vector along the x axis). Thus we obtain at once

exp(— iwt)] u, (2.41)

CU2
_ §4
P R

P

x (2.42)
where w, is the bulk plasma frequency (4np,e’/m)'/?, and, from (2.3)

—4r f:o a’xja’y1 fooo dx, x,S(x;, v, | x)

z@_e[ exp(—iw,1) exp(iw,?) ] (2.43)

2 [ I—exp(—phw,) 1—exp(Bha,)
This is the generalization of the classical static dipole sum rule at a
wall. G149
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OCP with Two Densities. We now consider the two-density
plasma with the background density (2.26). Let

4 2 1/2 4 2 1/2
w+=<-——”ep+>, a)A=< ”e”> (2.44)

m m

be the plasma frequencies in the two regions. Choosing again the pertur-
bation as caused by charging the plane x =0 with a surface charge density
o cos wt and the plane x = L with the opposite charge, we can follow the
same steps as in the previous paragraph, except that now ¢ must be defined
as

L/2
o=]" dx taalo) (245)
—L/2

because there are induced charges on both sides of the wall at x = 0. Thus
we now obtain

—47tjooOO dedy1 _[OOO dx, x,8(xy, vy, t] x)

_ho exp(—iw 1) _ expl(iw . t)
=7 [I—GXP(—ma) 1—exp(ﬂhw+)] (2:46a)

and by a similar reasoning in the region x <0,

47 J.OOQO dx f dy, fo dx, x S(x, yi, t]| x)

— —®

:hw_[ exp(—iw_t) expliw _1) ] (2.46b)

2 | 1—exp(—phow_) 1—exp(Pho )

In the classical static case, these dipole sum rules (2.46a) and (2.46b)
reduce to

—anf | dx [y [ dxy xS 11 2)

— 4np jw dxfdyljo

— oo —

dx;x;8(xq, yilx)=1 (2.47)

We expect (2.47) to be valid also at the interface between two multicom-



Time-Dependent Correlations in a One-Component Plasma 953

ponent plasmas. Note also that by combining (2.46a) and (2.46b) one
obtains a sum rule for the total dipole moment

© roo
4nJ dxjdle dx;x;S(xq, yi, t x)

_ho_ exp(—iw_t) exp(io_ 1)
2 [1—exp(—ﬁhw_)_l——exp(ﬁhw_)}
ho exp(—iw_ t) exp(iow, t)
2 [1~eXp(—ﬁhw+)_1—e><p(ﬁﬁw+)] (248)

In the classical static case, the right-hand side of (2.48) vanishes, as it
should since we expect the dipole moment [ dx,x,;S(x,, y,|x) to
vanish in a conducting medium, i.e., when the charges can adjust to give a
good decay of correlations.!'>

The sum rules (2.43) and (2.46) can also be obtained by looking at the
response to the radial electrical field created by a charged sphere of radius
R; the limit R — o is taken at the end of the calculation. This approach,
similar to the one which can be used in the classical static case,"* is for-
mally more correct for taking the thermodynamic limit.

2.4. Image Forces

Image effects can be incorporated in the above results about the semi-
infinite plasma. We now assume that the semi-infinite plasma, which
occupies the region x >0, is bounded at x =0 by a plane wall with a dielec-
tric constant ¢,,.. We only consider the case when ¢, is finite.

The changes to be made in (2.15) are easily found. An external point
charge e,, located on the wall, at the origin, now creates a potential
2e/[(1+¢y)|q,|] rather than ey/|q,|. The frequency (2.23) has to be
replaced by

. 47rpbez 1/2
= 249
¢ [(1+sw)m] 24)
and the sum rule (2.15) becomes
1
dg |\ dg,— S(q,, ¢
f qf vy (91,11 9)

. 2m oo o ~
= lim WL dx fo dx; e "¥8(x,, k, t] x)

k—0

ey ho exp(—iat) exp(iot)

2 2 [1 —exp(—fha) 1 ——exp(ﬁha’;)]

(2.50)
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The argument leading to the sum rule (2.43) however is not sensitive
to the value of &, and (2.43) is not modified. Thus, image effects do not
appear explicitly in the dipole sum rule* as already stated in Ref. 3 for the
static classical case.

It may be noted that pertinent results for the case of an ideal conduc-
tor wall (e, = o0) cannot be obtained by taking the limit &, — oo in the
above results. In that limit, the three expressions in (2.50) all diverge. As to
(2.43), it is not valid in the case ¢, = o0, because the limit &, — oo and the
integrations are operations which cannot be interchanged (this can be
easily seen for the weak-coupling’® explicit expression of
S(xq, y1,t=0] x).

3. MICROSCOPIC THEORY

In this section we show that the dynamical sum rules previously
derived from linear response and macroscopic screening arguments are
exact consequences of the microscopic dynamics of the correlations. We
treat the classical case: the quantum mechanical situation can be studied by
analogous methods.

3.1. Time-Dependent Correlations

Let u={(q, p) denote the position and momentum coordinates of a
particle, and U= (uy,..., u,), V=(vy,.., v;) sets of particle coordinates. The
time-dependent correlation functions involving » particles at time ¢ and &
particles at =0 are defined by

p(U,t|V)=<[ » 6(u1—af,(z))---a(un—a,-n(z))]
i1# * i

s Flp

X [ Y 5(vl—ﬁjl)---5(vk—ﬁjk)}> (3.1)
J1# - #Jk
i1,(t) = (g{1), p{t)) are coordinates of the ith particle at time ¢ under the
classical evolution, and {---) is the thermal average on initial conditions
#0)=4d,.
From the stationarity of the equilibrium state, we have the symmetry
relation

pU, 1| V)=p(V, —t| U) (3.2)

4 But image effects do appear explicitly in (2.50). Reference 3 might be misleading on this
point.
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When the set V' is empty, the correlations reduce to their equilibrium (time-
independent) values

P(Uy gy Uy )= Uy 5oy U,,)
plarenan [T () ow (-825) 63

where p(q;,..., q,) are the usual equilibrium configurational distributions.
A quantity of particular interest is the position and momentum-
dependent charge—charge correlation

S(u, t{v)=e[p(u, t| v)~ p(u) p(v)] (34)

from which we recover the configurational part (2.7) by integration over
the momentum variables

S(a.t19)=dp [ dp, S(g, .11 41, p1) (3.5)

{In the sequel, we simply suppress momentum arguments in the correlation
functions when they have been integrated out).

More generally, we define the excess charge density at time ¢, when
particles were fixed at V={(q, p,;; 9> pr) at t=0, by e[p(qg, 1] V) —
p(q) p(V)]. This quantity is the time-dependent generalization of the static
excess charge density introduced in Ref. 15

elplq, t=01V)—p(q) p(V)]

=6[p(q, Grr Q)+ Y, 0(q—q.) p(G1se 41) — P() PG 15enn Qk)}

i=1

K 32 2
X 11:_[1 (%) exp (—ﬁ 5—};) (3.6)

BBGKY Hierarchy. The BBGKY equations for the time-depen-
dent correlations (3.1) of an inhomogeneous OCP with background density
0,(q) have been discussed in Refs. 17 and 18. For n =1 this has the form

0
EP(UI’ ZI V)
= 2LV pus, 1] V)= eElq) Yy plus, £ V)

— & | dgy F(g, — 4)- Vo [plats, 425 11 V)= plgs) plas, 1] V)]
(3.7)

822/41/5-6-15
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where F(q)= -V, (1/|q|) is the Coulomb force and

E(g)=e [ dg, Fla—q1)[p(q,) ~ psa1)] (38)

is the electric field due to the total charge density.

When the particles are constrained to move in a restricted domain D
bounded by hard walls, the configurational integrals are restricted to D
and we supplement equation (3.7) (valid inside D) by the condition of
elastic collisions at the walls, i.e.,

p(qa P,[| V)lqeasz(q’ ﬁ)l‘ V)!qeaD (39)

p is the momentum of an elastically reflected particle at g on the boundary
0D of D, with incident momentum p.

We assume throughout this section that the time-dependent
correlations (3.1) exist in the thermodynamic limit and satisfy the BBGKY
equations for all times.

Decay Properties. We introduce the truncated correlations
defined in the usual way

prluy, L] Vy=pluy, t| V)~ p(u;) p(V) (3.10)
pr{uy, ty, | VY= p(uy, uy, t| V)= p(uy) p(uy, t| V)~ p(uy) puy, t 1 V)
— p(uy, u2) p(V) +2p(uy) p(uy) p(V) (3.11)

At +=0, these functions are a product of Maxwellians in momentum
space and the equilibrium Ursell functions in configuration space. The
latter are known to have good cluster properties in many cases, e.g., for an
homogeneous OCP in the Debye—Hiickel regime, they decay exponentially
fast at large distances."*?)

We now assume that the time-dependent correlations still have
reasonably good cluster properties. In particular we make the following
assumptions for the homogeneous OCP:

(i) There is a sufficiently fast decay in momentum space
M
lplg, . t| V)] SW, n>5 (3.12)

for fixed g, ¢, V. This insures the existence of the second moment, so the
kinetic energy density is finite.
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(ii) The space and momentum distribution is bounded for |g| — o0
by

M
lorg, p,t] V) SW (3.13)

for fixed p, ¢, V.

(iii) The charge density pr(g,t|V)=[dpprlg, p,1| V) decays at
least as

M
lorg, t1 V) <W, n>5 (3.14)
[

for fixed fr and V.

(iv) The three-point truncated spatial correlations are jointly
integrable on two variables

qulqulql l07(q15 42, 11 )l < o0 (3.15)

These cluster properties although not proven for any case, are in
agreement with the small time expansion of the correlations; see Appen-
dix B. [Notice that the density—density and density-momentum
correlations (3.14) are expected to decay faster than the momentum-—
momentum correlations which are presumably not integrable on space for
t#0; see Appendix B.]

The precise assumptions required for the inhomogeneous systems we
treat, 1.e., those for which

]qlfi“m Pollgl, 2) = p (2} (3.16)

are more cumbersome to write down explicitly in a concise way; we will
generally state them when used. Basically we will assume that their
correlations converge sufficiently rapidly to those of the homogeneous
OCP with density p,() whenever all particle coordinates go to infinity in
a fixed direction Q (see Section 3.3). We also assume the same properties as
in (3.12)-(3.14) whenever ¢ tends to infinity in a direction which is not
parallel to the boundary of D. The semi-infinite casc will be treated more
explicitly in Appendix D.

Dynamical Equations. It will be useful to write the equations of
motion in different forms. We first write the equivalent of (3.7) for the trun-
cated functions. Substituting (3.10) and (3.11) in (3.7) gives
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5,
apr(ula Lt V)= —%'VqIPT(ul, t] V)_eE(‘h)'VplPT(ul, Lt V)

~ @[V,0w)] | da> Flgi=g5) prlga 1| V)

~

— e JD dq; F(g1—q2) "V pruy, g5t 1 V) (3.17)
In obtaining (3.17) we have used the equilibrium BGY equation

B~ Voup(a:)=Eg) pla,) +° | das Flgi = 02)(p(q1, 4:) = p(a:) p(a)]

(3.18)
to cancel the contribution of time-independent terms.

The evolution of the average of a momentum-independent function
f(g) is obtained by integrating out the momentum in (3.17). The integrals
of the V,, terms gives no contribution because of the decay (3.12); thus we
get

d
) /@ eda 11 V== daf@V, [dLpigp i1 ¥)

=] 4V, /@1 [T orap.t1v)  (319)

In the partial integration, there is no contribution at infinity by (3.13) and
the surface contribution (,, f(q)do- [ dp(p/m)p(q, p,t| V) vanishes
because of the reflection condition (3.9) [for g€ dD, change the variable
p — p and use with (3.9) the fact that p-do= —p-do].

Finally, we find from (3.9), (3.17), and partial integration on momen-
tum, that the second time derivative is given by
62

57| dai fia) prtgr 11 )

2
zf_f dql[Vq,f(ql)]-[p(ql)f dq, F(q,— 9,) priqa, 1| V)] (3.20)
mvyp D

+ ;L'JD dq,[V, f(q)]" [eE(q)) pr(qi, 11 V)] (321)

1
— | dg, [dpiLp1 Vo f@)Ips Vaprlan prnt I V] (3:22)

)

+ S [ dg, | ;Y. 00) Fla, =) pr{g1, 42,11 V) (3.23)
mJp D
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3.2. Charge and Dipole Sum Rules

As mentioned in the introduction the plasma phase of the OCP is
characterized by a set of sum rules expressing the perfect shielding of local
charges!!>?%): in particular the static excess charge density of a (locally in-)
homogeneous plasma carries no multipoles, i.e., with (3.6)

e [ dg(q) prlg, 1=017)=0 (3.24)

where %, is a harmonic polynomial of order /. The case /=0 (resp. /[=1)
corresponds to the charge (resp. dipole) sum rule discussed earlier. We now
look at the time-dependent generalizations of (3.24) from the point of view
of the (formally) rigorous microscopic BBGKY hierarchy.

Charge Sum Rule. Choosing f(g)=1 in (3.19) gives immediately

d
—_— I —_
eathdqpr(q, t{V)=0

Hence, with the initial condition (3.24) for /=0, we find

e jD dqpg, 1| V)=0 (3.25)

for all times, or equivalently, with the symmetry (3.2),

efqupT(V,rtq)=o

We therefore conclude that the charge sum rule remains true in the course
of time for a general inhomogeneous OCP and for arbitrary positions and
momenta of initial particles.

It is shown in Appendix C that the higher-order multipolar sum rules
{21, k=2 are not valid for 1#0. There is however one exception: the
dipole sum rule in the uniform OCP, which we shall now prove.

Dipole Sum Rule in the Uniform OCP. We notice that in the
uniform OCP p(q)=p, and E(g)=0. Then Eq. (3.20) reduces to

2

0
gt_zjd%f(%)PT(ql, tlv)

= —o} [ dg, f(g)) polgi 11 V) (3.26)
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[ day [ dpsL o9, @Iy Vprlan, pr 1 1] (327)

o2
+;n'J.d‘11 quZ[Vqlf(ql)] g, —q2) prlqy, g2, 8| V) (3.28)
with
w5:4nezpb
m

We have integrated the term (3.20) by parts and used Poisson’s equation
Vv, F(q)=4nd(q).

If we now choose f(g) = g, the term (3.27) is the integral of a gradient
which vanishes by the clustering (3.13). The term (3.28) is also zero
because of the antisymmetry of F(g), so Eq. (3.26) becomes an ordinary
second-order differential equation. From (3.24) and (3.19), the initial con-
ditions are found to be [with V={(q,, pi; 9x> Pr)]

f dq gp1(q, 1 =014y, P1ss Gi> P2) =0

2
EJ dq 4o (g, L | 415 P1>s Q> i)

1 k
=;( > P;) 0(qss Dises Qics Pic)
j=1

and the solution is thus

qu qu(% t l d1s Prsees G pk)

1 k .
(2 00 Pt posin0y (329)
Jj=1

14

When we average (3.29) on initial momenta, we get

e [ dg gps(g, 11 41rm q0) =0 (3.30)

for all ¢ and all ¢,,..., ¢;, which is the time-dependent dipole sum rule. It
can be understood as follows: in the OCP, the dipole (3.30) is proportional
to the center of mass at time ¢ of the local perturbation initially at ¢,,..., q,.
Since the center of mass decouples from the relative coordinates, it is only
subjected to the harmonic force of the background. Thus it oscillates at fre-
quency o, [Eq. (3.29)] and remains constant if there is no initial velocity.
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The Second Moment of the Structure Function in the
Uniform OCP. As an application of the charge and dipole sum rules,
we derive the second moment relation Eq. (2.16) for the uniform OCP,

2r ) 1
=5 [ dala” Stg. 110)=[dg | dg\ (a1, 119)

=f""cosw,t (3.31)

In the uniform OCP, the Carnie and Chan form (2.16) is identical with the
second moment expression. It is useful to treat this case first since the same
methods will apply also to the inhomogeneous OCP treated in the next
subsection.

We take f(q,)=1/lq,|, V=(q, p) in (3.26) and integrate over the
position ¢ and momentum p of the initial particle. We will establish below
that, as a consequence of (3.25) and (3.30) the terms (3.27) and (3.28)
vanish for all times, ie.,

J da {J dg. [ dpi(pi (g ))p1 -V pr(dss Pt q))} =0 (332)

Jda{] do, [ do Fla) Flgs= a2 paicannt 100 =0 (332

Then, with the definitions (3.4), (3.5), Eq. (3.26) reduces again to the
simple differential equation
2

d 1 1
—_ I = ——m?2 -
atzququl 7 S(qi,t1q) w,,ququl 7 S(qi,t1gq) (3.34)

With the initial conditions [dg [dg,(1/1q,1)S(g,,1=0|g)=8"" (the
Stillinger-Lovett perfect screening relation) and (8/d¢t) | dg | dq,(1/|q,])
S(g;,t]q){,-o=0 which follows from (3.19), the solution of Eq. (3.34) is
identical to (3.31).

To show (3.32) and (3.33) we set

higy,t| Q)zfdpl pi(p-Vpq:, Pyt q)

= —[dp, pu(p: Voprl0. prit1g~q))  (339)

8(qy, 1] q)=quz F(g—42) pr(q15 42, £ 9)

= — [ dg, F(g2) p1(0, 42, 11 ¢~ q1) (3.36)

where translation invariance has been used.
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With this, the brackets in (3.32) and (3.33) can be written as gradient
terms

{-}(332)= | dg, F(g.)- h(0, 1| g—q1)

=Vq-qul

WO, ¢ | q, 3.37
0 (337)

{}3.33)=V, | dg, 20,114, (338)

lg—q.l

Since A(0, 1| q) is itself a gradient, and with the decay (3.13), we have
jdq #(0, t] g)=0. Moreover, it follows from the charge sum rule (3.25)
that

[ dg gh(0, 119)=[ dp, p. p, | dg (0, py, 11 9)=0

Thus #(0, ¢ | g) carries no charge and no dipole. The same is true for
£(0, 1| q) as a consequence of (3.25) and of the dipole sum rule (3.30) for
k=2

[ dq 4500, 11 9)= dg Flg2) [ dq gp+(0. 4211 q)=0

[we have also used the integrability condition (3.15) and the symmetry
(3.2)]. Hence, the potentials due to the distributions 4(0,¢]¢g) and
g(0, 1] g) are o(1/|q|*) as |q| — co, showing that the integrals of the
gradients (3.37) and (3.38) give no contributions at infinity.

3.3. Dynamical Sum Rules in the Inhomogeneous OCP

We consider in this section a general inhomogeneous OCP with an
asymptotically constant background density (3.16). [We set p(2)=0 if
the direction Q does not belong to D.] We assume that

M
p(r, Q) —po (<5, 1>l g=(r=Iq. Q) (3.39)

the limit being obtained without fast oscillations

jooo dr 4

% p(r, Q)‘ < 0 (3.40)
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The Dynamical Carnie and Chan Sum Rule. Let

#ar.a.0)=] dg, S(a2 11 9) (3:41)

191 — 4>l

be the potential at ¢, due to the distribution S(g,, ¢! ¢g) for fixed g. We
have

$(q1, 9, t)=0 <\~Z]1—l->, g fixed (3.42)

since S(q,, t | g) carries no net charge.

We shall assume moreover that for fixed ¢,, ¢(q,, g, t) is integrable
with respect to g and the integral is a uniformly bounded function of ¢,,
ie.,

f dg|6(q:, 9. 1) <M, M independent of g, (3.43)
D

(See Appendix D for a discussion of this condition in the semi-infinite
OCP.)

We notice the following property of ¢(g,, ¢, t): as a consequence of
Poisson’s equation and the electroneutrality (3.25)

Vid(gi g 1)= ~4n | dg S(g..1]q)=0 (3.44)

Thus |, dg $(q;, g, 1) is bounded and harmonic on the whole R’; it is
therefore constant with respect to g,:

| dgdtgr.q.0=] dg(0.0.1 (3.45)

To establish (2.16) we set again f(q,)=1/|q:l, V'=1(g, p) in Eq. (3.20)
and integrate it on ¢ and p. We will show below that under some
additional integrability conditions all terms in the right hand side of (3.20)
vanish except the first one. Thus we are left with

82
57| dad0.q.0

2

Z%JD dq UD dq, F(g1) L[p(q)) Vo d(41. ¢, r)]} (3.46)

2

- _‘%J‘D dq {JD dql[Vm'p(ql)F(ql)] ¢(C]1, q, t)}

2

€
+5 [ dg [ doy-Fa)) p(a)) (g1, . 1) L (347)

mp aD
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Since by (3.42) F(q,) p(q:) #(q1, 9, t) = o(1/|g,]?) for fixed g, there are no
contributions at infinity in the integration by parts leading to (3.47), where
0D denotes the finite distance boundaries of D. Under the assumptions
(3.40), (3.43), the integrand in (3.47) is jointly integrable in ¢ and ¢,, hence
integrals can be permuted. From the property (3.45), we get

2

0
57& dg $(0, ¢, 1) = —o° JD dq $(0, g, 1) (3.48)
with
2
' == | 4V, [p()) Flgn1 = dovplar) Flgy)

e . 1
-=Ziim [ do (Vo st

Mr—w g =r (g1l
eZ ) eZ
=;1-rlin;fdg p(r,@:zjdg 0. () (3.49)

where (3.39) and (3.40) have been used.

The solution of (3.48) with initial conditions |, dg (0, g, t=0)=p""
(the inhomogeneous Stillinger—Lovett relation) and (8/0¢) f pdq
#(0,9,1)|,_o=0 [which follows from (3.19)] is precisely the formula
(2.16).

It remains to explain why the terms (3.21), (3.22), and (3.23) vanish.
Consider first the simpie case of a local inhomogeneity: p . (2)=p,, is
independent of Q. Let p{ be the correlations of the uniform OCP with
constant background density p_,, and use the fact that the pure bulk con-
tributions (3.32) and (3.33) vanish to write the terms (3.22) and (3.23) as

[ da{] da, [ do.(oe P Vaortars prvt| =05 a1, il a1}
(3.50)

qu{f dg, [ dgy F(g,) Flgy — 0200 r{01 92, 11 )= 515 s 1| q))}
(3.51)

If spatial arguments in p,— p®) are far apart, both p, and p{*) vanish by
clustering; when all arguments tend simultaneously to infinity in the same
direction, p;—p$) tends to zero because of the convergence of the
correlations of the inhomogeneous system to those of the uniform one. We
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assume at this point that this convergence is sufficiently fast to have the
integrands (3.50) and (3.51) jointly integrable in all spatial variables, so
that we can permute the ¢ and the other integrals. Then these terms vanish
in view of the charge sum rules (3.25). In (3.21), one has E(q,) = 0(1/|¢,|*)
and thus [V_(1/l¢,1)]1" E(g,) = O(1/|q,|*). Hence with (3.14) the integrand
is jointly integrable in ¢,, ¢. Performing the ¢ integral first, we get again
zero by the charge sum rule.

In the general case, we define p{*?, the correlations of an uniform
OCP with constant background density p(Q). It follows from the
rotation invariance of the uniform state that the brackets in (3.32) and
(3.33) depend only on |g|. We have for instance from (3.33) for each
fixed Q

J dlal 1P {f dg, | dgs Flg,) Flgy — 02) p5 (g1 42, 1| |q|,9)}=0

and a similar identity corresponding to (3.32). We can now reproduce
exactly the same argument as above replacing p%)(q,, p;,t|¢q) and
PNy, 42, 11 ) by p>Nqy, pist| g1, 2) and p@2(q,, g5, 1| 4], Q) in
(3.50) and (3.51). The case of the semi-infinite OCP is treated in detail in
Appendix C.

Dipole Sum Rule in the Semi-Infinite OCP. Under similar
assumptions as in the preceding section, we easily recover the classical form
of the dipole sum rule (2.43). Adding and substracting the corresponding
bulk quantity, we get (with the same notations as in Section 2}

[ ax [, [ dyy xSty 1] %)
0 4]

=[x [y [y [SG 1 110 =S, 1] 2]

+f dxj arxljdy1 X, 8@ (x,, vy, 1] x) (3.52)
0 0

Assuming the joint integrability of the first moment of the difference of the
semi-infinite and bulk structure function, we can permute the x and x,
integrals in the first term of the right-hand side of (3.52). Doing this and
applying then the charge sum rule (3.25), the contribution from the semi-
infinite system on the right side of (3.52) vanishes:

J, e vy St pit10=[ " di [y, S, o ) =00
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we then obtain
f dxf dxlxlfdy1 S(xy, i, t] x)
(4] 0
zr’ deOO dx, x, [ dyy S, —x, y1, 1] 0)
Q 0

_LOO dx, Jow dx x, fdyl SN x, —x, y1,110)

= [ ax [ dniey = x) [ dyy STy~ x, py, 110)
0] 0

=%j_w dx x* J dy S(x, y,t]0)= ——Z;CE cosw,t  (3.53)
(3.53) results simply of the bulk second moment relation (3.31), and this
gives the classical limit of (2.43).

With a treatment analogous to (3.52) for the half spaces x, <0 and
x,>0 in the OCP with two densities, we get by the same reasoning the
classical versions of (2.46a) and (2.46b).
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APPENDIX A: PLASMA IN A WEDGE

For a plasma in a wedge of angle a, (2.15) becomes

im 2j°° dry 1y J 9, jw drrj: 40 Ky(|k{ r,) 8(ry, 0., k, 1| 1, 6)

k-0 Yo 0 0
_@[ exp{ —idr) _ exp(iot) ] (A1)
T2 | 1—exp(—phd) 1—exp(phd)

where @ is defined by (2.28). The Bessel function K(lk| ;) makes the
integral absolutely convergent, and the order of the integrations is
arbitrary. In the left-hand side of (A1), there are contributions from (r, 8,)
far away from the walls, with the bulk behavior
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. ® (. %
Tim jo drr | d@S(rl,E,k,tU, 0)
1 exp(—iw,t) expliw,t) 5
~— — h k—
87 m"[l —exp(—phw,) 1—exp(fhw,) el when 0

(A2)

[the left-hand side of (A2) is {(2.21) transposed to cylindrical coordinates].
There are also contributions from (r,, 8;) near one of the walls but far
away from the edge of the wedge, with the semi-infinite geometry behavior

lim r, UO d@lf drrJ: 40 3(r,, 0,, k. 1], 6)

ri— ©
o0 x€ —~ a
_aJO a’rrj0 d@S(rl,z,k,t}r,(?)}

lh exp( —iw,t) expliow,t) J

T [1 —exp(—phw,)  1—exp(Bhe,)
1 exp(—iw,1) expliw,¢) N
Cdn ”[1—exp(*ﬂhw,,)_l—exp(ﬁhw,,)J 1K, when k0

(A3)

[The left-hand side of (A3) is Eq. (3.13) of Ref 10, transposed to cylin-
drical coordinates, and multiplied by a factor 2 because there are con-
tributions from both walls of the wedge.] The contributions of (A2) and
(A3) to (A1) are easily computed, since they involve the integrals

L dr1r1k2K0(1k| ri)=1, fo dry [kl Ko(lk| rl)zi (Ad)

Substracting in (A1) the contributions from (A2) and (A3), we find

lim 2j0°° dr, Ky(lk| r,) {rl f: o, L’O drrj: 48 5(r., 0,k 1] r,0)

k-0

—ro lim derr.[ad()g(rl,g,k,ﬂr,@)
0

¥y = oo Y0 2

~ lim r, UO af@ljoo drrf:de S(r,, 0,k t|r6)

ry— o

w a ~ o
_“L drrL d0$<r1,§,k,tlr, eﬂ}
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i exp(—ior)  explior) j|
2 [1 —exp(—pha) 1 —exp(fham)

ho,[  exp(—iwt) exp(iw,?) ]
2 [1 —exp(—pho,) 1 —exp(fho,)

1 a\ho,[ exp(—iw,?) expliw,t) ]
+(T§E>T[1—exp(—ﬂhmp) [—exp(Bha,) (A5)

We now assume that the curly bracket in the left-hand side of (A5)
goes rapidly to zero as r, increases, since we have substracted ail con-
tributions except those from the neighborhood of the edge. Thus we can
replace K, by its leading term for small |k r,

Ko(lk| ri)~ —In(|k| r,) (A6)

Furthermore, the curly bracket in (A5) vanishes at k=0, because of the
perfect screening condition

derrrdw(rl,el,o,ur,9)=o (A7)

0 0

Thus only the term —In |k| of (A6) contributes in the limit k=0, and
fgo dr {---} behaves like —C/(21n |k|), where C is the right-hand side of
(A5). If there is no other singularity on the reak k axis, a function of &
which behaves like — C/(21nlk|) has an inverse Fourier transform, a
function of z, which behaves asymptotically"® like —C/[4 |z| (In |z|)*].
Since the bulk and surface contributions on (AS5) have a faster decay, and
assuming that the asymptotic form of S with respect to z — z; is unchanged
by the integration upon the variables r, 8, r;, 8,, we obtain (2.31).

APPENDIX B: TIME DERIVATIVES AT t=0

We compute the first and second time derivative of the correlations at
t=0. For simplicity, we consider the homogenecous case p(g)=p,,
E(q)=0. The calculation involves the foliowing steps.

(i) We single out the contribution of coincident points in the
equilibrium correlations:

Pl 1=01¥)=pla V) +| 3 1) | o(1) (B1)
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k
plu, ', t=0|V)=plu, u', V) +[ Y 8(u, DJ-):I p(u', V)
j=1
k
+] 2 o)1)
j=1

+ [Zk: S(u, v,) 8(u', Uj):! p(V) (B2)

i
and so on [V'=(qy, P13 k> Pic)s 0(u, v;)=06(q—q;) 6(p— p;) ].

(ii) We eliminate the higher-order correlations with the help of the
equilibrium BGY equation:

ﬁi 1Vq,P(‘]1 LR qk)

=Y Flg;—aq,) p(q1, Qi)

J#Ei

+ [ dg Fa~ 0001 46 )= psp(@10n 01))  (B3)

(ili) We perform momentum integrations with the Maxwellian dis-
tribution. With this, it is found from (3.7) that for g # ¢, ,..., 9«

)
- vV =0
atpT(u’tl ) o

so the first derivative is strictly local in g¢.
We compute (8%/0¢?) p(u, t | V) |,_, by iterating (3.7) and introducing
the second BBGKY equation

0
é—l:p(ul’ U, l! V)

P P
= _(El‘vql_{—';nzv(]z) p(ula u27 ll V)
—ez[F(ql—q2)-Vp1+F(q2'—ql).Vp2] p(u15u25[| V)

—e’ { dgs[F(q, —q3) "V, + Flg:—q5)"V,,]

X[p(u1>u2> q3>[| V)_pbp(ulau27 43’” V):] (B4)
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Using repeatedly (B2) and (B3) the final result takes the simple form for
q # q15-5 Gy

82 ez k
et 1)| =P )

(P-V(p;'V,) (BS)

1

lg — g/l

The right-band side of (BS) can be interpreted as the instantaneous
dipole potential due to the displacements (p/m) dr and (p,/m) dt of the par-
ticles. (B5) shows that up to order ¢* there is a fast decay in momentum
space [p(u, V) is Maxwellian], but the decay in space is not faster than
lg| =2 [cf. (3.13)]. However, the right-hand side of (B5) vanishes when it is
integrated on p, indicating that the charge correlations have faster decay
properties [cf. (3.14)].

=0 =

APPENDIX C: SUM RULES AT t#0

To investigate the validity of the higher order sum rules (/= 1) at
t #0, we explicitly compute the time derivative of the excess particle den-
sity at #=0. Separating the Maxwellian distribution from the con-
figurational part, and using the fact that the average equilibrium momen-
tum is zero, Eq. (3.19) gives for 1=0 [with ¥V'=(q,, py:; ge> Pr)]

0
es | dgWq)piig. 1| V)

t=

DR Iy

The right-hand side of (Cl) with [#0 [%(g)#const] is obviously not
zero, for a general V, showing that the higher-order multipoles are not con-
served when we specify an initial distribution of particles with arbitrary
velocities.

If we only specify the initial positions (averaging over p;,..., px), (C1)
vanishes, and we have to discuss the second-order time derivative. We con-
sider the homogeneous case p(q) = p,, E(g)=0 and find from (3.20)

2

0
= [ g %(q) pr(a, 11 910 )

t=0

1
= ——[dq [ dplp Y, %@ [P Voo r(a 1.0 11 2] (C2)

2
+% j dq j dq'[V,%(q)]1 Flg—q')

X[p(q, 9,01 G150 qx) —P0(q,01 g5, qi)] (C3)
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(C3) results from the combination of the terms (3.20) and (3.23) with the
definition of the truncated functions. In (C2) we can perform the p
integration on the spherically symmetric Maxwellian distribution. After an
integration by parts on ¢, we see that this term vanishes since Vg@/,(q) =
In (C3), we tract the contribution of coincident points with the help of
(B2). Then, we use the equilibrium equation (B3) together with V2%/(g) =0
to eliminate the occurrence of the force, and we are finally left with

82
dg ¥, LU Gy Gi)
e f qY(q) prq q: i t:o

k
_Z (Vo #44)) V01 0) (C4)

In the uniform OCP, (C5) vanishes in the following three cases:
(a) /=0, all £, corresponding to the charge sum rule (3.25); (b) /=1, all £
(because of the translation invariance), corresponding to the dipole sum
rule (3.30); (c)k=1, all /, corresponding to the spherically symmetric
structure function. In all other cases (C5) is in general not zero, showing
that the multiple sum rules for /> 1, £ > 2 cannot hold in the uniform OCP
at 1 #0.

APPENDIX D: SEMI-INFINITE PLASMA

We discuss in some details the conditions (3.42) and (3.43) as well as
the terms (3.50) and (3.51) for the semi-infinite QCP. Similar arguments
apply to the OCP with two densities.

The working hypothesis is that the difference of the semi-infinite and
bulk structure functions are jointly integrable in x,, y, and x>0, ie.,

J, dx [ dva [ dyy 100e) S,y 120 = S ey, vy, 1] 9)] <0

(D1)
i, x>0

0, x, <0

0(x;)= {
{Note that in (D1), the contribution of x; <0,

[Pax" an [ar 15000 —x i1 0)

=f0 dx, _[dyl X, |8 (xy, py, 1] 0))

which involves only the bulk function, is finite.]

822/41/5-6-16
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Similarly, we assume that the functions 4 and g defined in (D3) and
(D4) below are integrable in x; y, and x> 0.
Notice that

1
¢ gy, g, t)=fd42|q—_ﬁs(°°)(42a 110)
1

— 4|

is rapidly decreasing as |g| — oo since the spherically symmetric function
§¢)(g,, t]0) has no charge and multipoles. To get (3.42) it is therefore
sufficient to show that

#q:, x, y, 1) —9¢'")Nq,, x, y, 1)

1 1/2
=de2jdy2 l:()ﬁ —x3)" + (¥ “}’_J’2)2:l

x [0(x3) S(x3, y2, 1 %)= SN(x3, yy, 1] X)] (D2)

is integrable in y and x>0. Integrability on x is insured by (D1).
Moreover, since S(x,, ¥, t | x)— S®)(x,, y,, t | x) has no dipole in the y
direction (because of the y — —y invariance), the potential (D2) decays
faster than 1/|y|? as | y| = oo providing integrability in the y plane.

We show that the terms (3.50) and (3.51) vanish in the semi-infinite
OCP. We define as in (3.35) and (3.36)
h(qi, 1| q)
= [ dp\ pi[0Ce1) Py Voo a1, P11 @)= PV p41, pist | )] (D3)
glq.,119)
=Jd42 F(g,—g2)[0(x) 0(x2) pr{(q1, g2, 1] @)~ 041, 25 11 )1 (D4)
Then we have

jdxljwdxfdyh(xl,ux,y):o (DS)
0

delj:o dxjdyg(xl,ﬂx, y)=0 (D6)

In (D3) we distinguish between the y and x components of V,, and use the
invariance under translations in the y direction to write

X a X a
Pl'VqIZPf‘Vyl‘l'PlEC—l: —Pf'Vy+P15x—1
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The y integral of the —py-V, term vanishes, and performing the x,
integral first in the p¥(d/0x,) term gives

[ dx, j:’ dx [ dy hix,. 1] x, )

o0 )
= —[dpipipt [ dx[dy prt0.prtix p)=0 (D7)

because of the charge sum rule (3.25). This gives (D3), Eq. (D6) results of
the antisymmetry of the force under the exchange of the ¢, and ¢,

arguments.
‘With the definitions (D5) the term (3.50) reads

f: dxfdyjdxljdylF(xl’yl).h(xl’”x’y_%)

= dy [dx, [ dy, Fixi, y= 1) [ dehtxi ol x=p) (D)

where we have permuted the x and x,, y, integrals in view of the
integrability assumption on 4. Writing explicitly the y and x components
F7 and F* of the force in (D8) gives rise to two terms

1 2 oo ‘
_J‘dyvvjdxlj‘dyl I:m—i} JO dxh'(xl,tlx,yl) (Dg)

and

» r xl oo N
J. dyJ dxl J d}’1 [X%_*_(y_yl)z]yz JO dXh (-xl’ 14 1 X, ,Vl)

=2z j dx, sign x, [afy1 [ A(xq, t] x, ) (D10)
“ 0
where the y integral has been performed: [ dy x,/(x? + y?)** = 2r sign x,.
The term (D9) is the y integral of the gradient of a potential which is

o(1/] y|) because of (D5): hence it vanishes.
The term (D10) is explicitly

=27 | dp(p7)* < | dx | dylpO, py.t]x, ¥) =250, py, 1] X, ¥)]
0
= =2 [dpu(pi? | [ s [y p 0. pis 1 3)
0

~ [ [ay o710, p1 13| (D11
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In the last term of (DI11), the x integral has been extended from — oo to
+ oo by the space reflexion symmetry of the homogeneous state. Then both
terms of (D11) vanish because of the charge sum rule (3.25). This proves
that (3.50) does not contribute to the equation of motion in the semi-
infinite OCP. The term (3.51) is treated in the same way with A replaced

by g.
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